We study class preserving automorphisms of groups of order thirty two and prove that only two groups have non-inner class preserving automorphisms.
Introduction
Let G be a finite group and let p be a prime. For x ∈ G, let x G denote the conjugacy class of x in G and let Aut(G) denote the group of all automorphisms of G. An automorphism α of G is called a class preserving automorphism if α(x) ∈ x G for all x ∈ G. Observe that every inner automorphism of G is a class preserving automorphism. The set Aut c (G) of all class preserving automorphisms is a normal subgroup of Aut(G), and the set Inn(G) of all inner automorphisms is a normal subgroup of Aut c (G). Let Out c (G) denote the group Aut c (G)/Inn(G). In 1911, Burnside [2, p. 463 ] posed the question: Does there exist a finite group G which has a non-inner class preserving automorphism? In other words, whether there exists a finite group G for which Out c (G) = 1? In 1913, Burnside [3] himself gave an affirmative answer to this question. He constructed a group G of order p 6 , p odd, such that Out c (G) = 1. After this more groups were constructed such that Out c (G) = 1 (see [5] , [7] , [11] , [16] and [17] ) and many authors found the groups for which Out c (G) = 1 (see [4] , [10] , [12] , [13] , [14] ). It follows from [8] that for extra special p-groups all class preserving automorphisms are inner and from [9] it follows that Out c (G) = 1 for all groups G of order p 4 . Recently Yadav [19] studied the groups of order p 5 , p an odd prime. He proved that if G and H are two finite non-abelian isoclinic groups, then Aut c (G) ∼ = Aut c (H). He also proved that Out c (G) = 1 for all the groups G except two isoclinic families. In the present paper we show that out of 51 groups of order 32, there are only two groups for which Out c (G) = 1. A list of groups of order 32 is available from Sag and Wamsley's work [15] . We use Sag and Wamsley's list and adopt the same notations for the nomenclature and presentations of the groups. However, we write the generators 1,2,3, and 4 used in [15] respectively as x, y, z, and w. All the results proved in section 3 are summarised in the following theorem.
Theorem A For all groups G of order 32, except for the groups G 44 and G 45 , Out c (G) = 1.
By Hom(G, A) we denote the group of all homomorphisms of G into an abelian group A. A non-abelian group G that has no non-trivial abelian direct factor is said to be purely non-abelian. 
, and upper central series is the ascending series
The set Cent(G) of all central automorphisms of G is a normal subgroup of Aut(G).
Toolbox
All the tools required to prove Theorem A are listed in this section. Fortunately (or unfortunately!) we have been able to prove the theorem using the existing tools. Only one existing tool (Lemma 2.1) is slightly modified (Lemma 2.2).
Lemma 2.1 [19, Theorem 3.5] Let G be a finite p-group of class 2 and let {x 1 , x 2 , . . . , x m } be a minimal generating set for G such that
In any case, [x, G] is cyclic and therefore Out c (G) = 1 by Lemma 2.1. Lemma 2.3 [9, Proposition 4.1] Let G be a group which can be generated by two elements x, y such that every element of G can be written in the form Lemma 2.5 [6, Proposition 2.7] Let G be a finite group having an abelian normal subgroup A with cyclic quotient G/A. Then class-preserving automorphisms of G are inner automorphisms
The well known commutator identities
where x, y, z ∈ G, will be frequently used without any reference.
Proof of Theorem A
The groups G 1 to G 7 are abelian, so we start with non abelian groups. The proof of the theorem follows from all the results proved in this section. Proof. Consider G = G 44 . Since yx = xy 5 and zy = y 7 z, it follows that |y| = 8 and every element of G can be written in the form x i y j z k , where 0 ≤ i, k ≤ 1, and 0 ≤ j ≤ 7. We show that 
Since G is purely non abelian and G/γ 2 (G) is elementary abelian of order 8, by Lemma 2.7 we have Proof.
, it follows that |x| = |y| = |z| = |w| = 4 and x 2 ∈ Z(G). Since wx = xw 3 and zy = y 3 z, every element of G can be written as x i y j z k w l , where 0 ≤ i ≤ 3 and 0 ≤ j, k, l ≤ 1. If z(x i y) = (x i y)z, then x i y 3 z = x i yz and thus y 2 = 1 which is not so. So x i y / ∈ Z(G). Using similar arguments we can show that x i z, x i w, x i yz, x i yw, x i zw, and x i yzw cannot be in the center. Thus Z(G) = {x 2 , 1}. Observe that any element of G/Z(G) is of the form
) and yz = zy 3 ≡ zy (mod Z(G)), it follows that G/Z(G) is abelian and hence γ 2 (G) = Z(G) = Φ(G). Similar arguments show that G 43 is also an extraspecial p-group. Proof: Observe that all the groups are generated by x and y, and yx can be written as xy 9 , x 7 y, x 3 y, x 7 y, x 15 y, x 7 y and x 15 y in the respective groups. 
